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Abstract

We use a cake-eating model with a non-renewable resource and a
backstop technology to describe the effect of migration of poor workers
into a rich country with surplus labor. Migrants receive a large transfer
from natives. If future migration is anticipated, natives’ flow of utility
increases discontinuously at the time of migration. Migration at time
0 may cause the initial flow of natives’ utility to be higher. However,
the present discounted value of the stream of per capita utility falls.
Thus, when migration occurs, it may benefit the current generation of
natives, although it harms other generations.
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1 Introduction

The late 20’th century has seen several episodes of large population move-
ments from poor to rich regions. There have also been several cases of the
integration of labor markets in countries with different levels of develop-
ment. Although migration and the integration of labor markets have many
distinctive features, they have in common that relatively poor workers join a
richer population. This feature has led to serious political debates within the
richer /host country, particularly when migrants receive transfers from their
hosts.

We study the effects, on the per capita utility in the host country, of a
combined exogenous increase in population and a transfer to the newcomers.
For brevity we refer to the additional workers as migrants, although we can
also think of them as being the workers in the poor integration partner. In
our model, migration (combined with the transfer) reduces the steady state
level and the present discounted stream of natives’ welfare. In that sense, the
model confirms the view that migration harms natives. However, migration
is likely to benefit the generation alive at the time that it occurs. This
result is counter-intuitive, since it might seem that the generation alive when
migration occurs would bear the brunt of the change.

Important examples of migrations include the flows from North Africa
and the Mideast into Europe, and from Latin America into North Amer-
ica. Migration sometimes causes an abrupt increase in the labor pool. For
example, in 1962 nearly a million French colonists returned from Algeria,
increasing the French labor force by 2 percent (Hunt [14]). In the mid 1970s,
refugees from Mozambique and Angola increased the Portuguese population
by nearly 7 percent (Carrington and de Lima [8]). The 1980 Cuban exodus
from the port of Mariel increased Miami’s labor force by 7 percent (Card [7]).
In some cases one country absorbs the population of another, even though
the amount of physical movement of labor is small. The German unification
is the most extreme recent example of this kind of integration. The adhesion
of South European countries to the European Union were similar but less
extreme events.

We assume that all agents have the same productivity, and that migrants
are endowed only with labor-power. These simplifying assumptions are not
essential, but they enable us to analyze the intertemporal effects of migra-



tion'. We also assume that prior to migration, the home country has an
excess supply of labor, in a sense which we make precise below. Thus, mi-
grants bring a factor of production which is in excess supply.

The equilibrium we study is determined by a social planner who maxi-
mizes the present discounted stream of the sum of per capita utilities, includ-
ing the utility of migrants. Equivalently, the equilibrium is determined by
a competitive market, and migrants receive an equal share of society’s total
capital. Since this assumption is important to our results, and is not literally
true, it requires discussion.

In some cases migrants receive a portion of social capital in the form
of transfers. For example, the French colonists returning from Algeria were
entitled to the same social benefits as other French citizens. The integration
of East and West Germany, and the adhesion of Southern European countries
to the European Union involved smaller flows of labor, but large transfers.

Regardless of the actual size of the transfers, there is widespread popular
belief that they have been and will continue to be large. In campaigning
for re-election during the early 1990’s, Chancellor Kohl vowed that integra-
tion would not require higher taxes. This promise reflected the fear that
integration would require large transfers, which would lower welfare in West
Germany. Similarly, the (perceived) need to make large transfers has been
one impediment to enlargement of the European Union. In some cases the
actual transfer may be small or even negative, but the native population
believes it is large. In California, the popular belief that immigration has
resulted in a large drain on the public purse fueled State Proposition 187,
which sought to eliminate this transfer for illegal immigrants?.

'In many cases, migrants have relatively low levels of education and compete with
poorly educated natives. A large empirical literature (e.g. Borjas et al. [5]) measures the
differential effects of migrants on different segments of the native population. Migrants
also bring cultural variety (art, music, cuisine) that can increase natives’ utility.

2A study by Huddle [13] estimates that the net social cost of immigrants (the value of
transfers and immigrants’ consumption of public services minus their tax payments) was
$65 billion in 1996. Fix and Passel [12] calculate that migrants’ net social cost is negative.
Vernez and McCarthy’s review of the literature [19] reports that the estimates of net social
cost per immigrant range from $1,600 to —$1,400. Smith and Edmonston [17], using New
Jersey and California data, estimate that the social cost of immigrants has been between
$15 and $20 billion per year. Borjas [4] provides a useful review of this and other empirical
issues related to migration.

There have also been attempts to determine the social cost of immigrants in countries
other than the U.S.. Straubhaar [18] estimates that in 1990 immigrants made net contri-



Our main assumptions [(i) agents are homogeneous, (ii) migrants are
endowed only with their labor power, (iii) there is abundance of labor in
the host economy prior to migration, and (iv) migrants receive substantial
transfers from the host country| correspond to a simple but widely held view.
This view is obviously not favorable to the case for migration. It is no surprise
that the model implies that migration decreases the present value of the
stream of natives’ discounted per capita utility, and the steady state flow of
per capita utility. In this sense, migration is costly to natives.

The model does, however, have a surprising implication about the in-
tertemporal distribution of utility. We anticipated that (in the social op-
timum) the cost would be distributed over time, reducing the per capita
utility of each “generation” of native. Instead, we find that there is a ten-
dency for migration to increase the flow of per capita utility immediately
after it occurs. The demonstration and explanation of this result are the
chief contributions of this paper.

This result is important for two reasons. First, much of our intuition
about non-renewable resource economies is based on simple cake-eating mod-
els. We provide a qualitative extension of this intuition. Second, the result
challenges the popular view that the generation of natives alive at the time of
migration bears most of the cost of the transfer of social capital. In fact, that
generation is likely to benefit from migration, even though other generations
do bear costs.

Our version of the cake-eating model builds on the work of Kemp and
Long [15] and Amigues et al. [1], but these papers do not investigate the
effects of population growth. There is a large theoretical literature on mi-
gration, recently surveyed by Wong [20], Chapter 14. Most of this literature
assumes that migrants receive no transfers, and that the host country welfare
does not include migrants’ welfare. In this case, for a small open economy,
migration typically increases welfare in the host country, and (in the pres-
ence of non-traded goods) decreases the welfare of the agents who remain
in the source country. Much of the theoretical literature therefore focuses
on emigration policies. The theoretical literature on illegal immigration (e.g.
Bond and Chen [3], Djajic [9], and Ethier [10]) compares the welfare effects
of different methods of controlling immigration.

The next section describes the model. The following two sections present

butions to the Swiss fiscal budget. Baker and Benjamin [2] find that in Canada immigrants
are less likely than natives to receive welfare benefits.



the results.

2 The model

We first describe the technology, and then the economic objective.

2.1 The technology

The economy consists of NV identical agents who obtain utility from consump-
tion of a homogenous good and from leisure. Each agent is endowed with
one unit of leisure. The economy owns a stock of a nonrenewable resource,
Y (t) and a fixed nondepreciable stock of capital z.

There are two ways of acquiring the consumption good. Labor can be
combined with a non-renewable natural resource or with capital using Leon-
tief technologies®. To distinguish these two activities, we refer to the first as
extraction and the second as production. We choose units so that one unit of
the consumption good obtained by production requires one unit of capital,
and one unit of the good obtained by extraction requires one unit of the non-
renewable resource. Define y(t) as the rate of extraction of the resource, and
z(t) < Z as the amount of capital used. The extraction technology requires
1 units of labor per unit of output, and the production activity requires 7
units of labor per unit of output. When society extracts at rate y(t) and
uses xz(t) units of capital, aggregate consumption is y(¢) + z(¢) and aggregate
employment is py(t) + nz(t). Per capita consumption is ¢(t) = MNW) and
per capita leisure is I(t) = 1 — W

Extraction requires less labor to create a unit of the consumption good,
relative to production, so u < 1. We can think of the consumption good
as representing “embodied energy”, which can be produced either from ex-
haustible natural resources (e.g. oil) or by using an unlimited resource such
as sunlight together with a fixed stock of capital. It is cheaper to obtain
energy using oil rather than sunlight.

3The Leontief assumption implies that unit labor costs in production are constant for
rates of production x(¢) < Z, and infinite otherwise. We could have used a more general
convex technology, but this would have added complications without insights. A more
interesting extension allows the capacity constraint to be endogenous. We discuss this
extension briefly in the Appendix.



The stock of the nonrenewable resource is eventually exhausted, but while
a positive amount remains, the flow of extraction is unbounded. However, the
flow of production is bounded at every point in time since it requires capital,
which is in fixed supply. At a point in time society’s ability to extract oil is
— for all practical purposes — unbounded, but it’s ability to use solar power
is constrained by limited capital.

2.2 The economic problem

Per capita utility is U (y“);ﬂ”“), 1- “y“);”m(”) = U(c(t),1(t)). Utility is in-
creasing and concave in consumption and leisure, with U, > 0. Consumption
and leisure are “essential goods”: their marginal utilities become infinite at
levels near 0.

We assume that the initial resource stock Y (0) and the capital stock z are
small enough that the constraint z(¢) < z is binding on the entire optimal
trajectory. This assumption means that the economy would be willing to
sacrifice leisure to obtain more of the consumption good, but is constrained
from doing so because it cannot increase production, and can increase current
extraction only at the cost of reducing future extraction. Labor is not a
constraining factor; in this sense, labor is in excess supply. Define «a(t) as
the shadow value of the constraint z(t) < Z (i.e., the rental rate of capital on
the optimal trajectory): U — nU = «(t), where a “x” indicates optimality.
We restate the assumption as*

Assumption 1: a(t) = U —nU} >0,V t > 0.

Given that the initial resource stock is finite, there will be a finite time
T at which it is exhausted. Thereafter the economy relies exclusively on
production. In view of Assumption 1, Z is the optimal level of production
after T'. For a discount rate of r, the present discounted value of social welfare
at TisU=2U(E,1-12).

At time t = 0, given a resource stock Y (0), the planner wants to maximize
the present discounted value of the total per capita utility of the N agents.
Here we write N as a constant parameter, but later we treat it as a function
of time. Using Assumption 1 to eliminate the constraint z(t) < z, we write

4 Amigues et al [1] show that a necessary and sufficient condition for Assumption 1 is
that the initial resource stock, Y'(0), and the level of Z are sufficiently small.



the problem as
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subject to

and the non-negativity constraint y(t) > 0.
The first order condition is:

Ue(c™(£), (1)) — nli(c™ (1), 17 (t)) = Ae™ (2)

where (the endogenous constant) A is the shadow value at time 0 of the
resource stock.

We are principally interested in the effects of migration on the intertem-
poral utility of natives’ welfare. For brevity, we refer to the flow of utility
at time ¢ as the utility received by the “generation” living at time ¢.

3 An anticipated future increase in popula-
tion

We begin by showing that an increase in population lowers both the present
discounted future stream of per capita utility and the steady state per capita
utility. An additional worker obtains an equal share of society’s wealth and
contributes his labor power. Since labor is not the constraining factor of
production, natives (the inframarginal agents) lose more than they gain.
This result sets the stage for a discussion of the intertemporal flow effects of
a population increase.

The present discounted value of social welfare is J(Y; N), and the present
discounted value of the stream of per capita utility is w
we establish®

. In the appendix

5This proof uses the “dynamic envelope theorem”. For a general discussion of this
theorem, see Caputo [6] and LaFrance and Barney [16].

7



Proposition 1 w 18 a decreasing function of N.

Proposition 1 says that for a given stock of the resource, migration de-
creases the stream of per capita utility. However, if the social planner knows
that migration will occur in the future, there will be a change in the ex-
traction trajectory and a change in the resource stock at the time migration
occurs. For this case, we have the following corollary.

Corollary 1 Suppose that at time 0 the social planner anticipates that mi-
gration will occur at time T > 0. This anticipation causes an adjustment of
the extraction trajectory that lowers the present discounted value of the future
stream of per capita utility of agents alive at time 0 (the natives).

It is also obvious that the steady state per capita utility, U (%, 1— ”—]\f), is
a decreasing function of V. Although the model contains no surprises with
respect to either the steady state level of, or the value of the stream of per
capita utility, the effects on utility at a point in time are unexpected. Here
we consider the situation where the social planner knows at time 0 that there
will be a discrete increase in population at an exogenous time 7 > 0. We
show that the flow of per capita utility increases discontinuously at ¢ = 7.
This result improves our intuition about the cake-eating problem and also
leads to a conjecture that we verify in a simpler setting.

We refer to the situation where N is constant as the “reference case”.
Since the future population change reduces the value of the stream of welfare,
and since the social planner wants to smooth utility, he adjusts the program
so that generations over [0, 7) bear some of the cost. This adjustment delays
extraction, relative to the reference case. This delay requires an increase in
the shadow value of the resource and a corresponding decrease in y()®. Over
[0,7) the only change, relative to the reference case, is that the extraction
profile y(t) shifts down. Consequently, the flow of utility over [0, 7) is less
than in the reference case.

Continuity of A at 7 and equation (2) imply that the marginal utility of
extraction, U, — uUj; is also continuous at 77. In the standard cake-eating
problem without leisure, continuity of marginal utility implies that per capita
consumption, and therefore per capita utility, are also continuous at 7. The

The proof of Proposition 1 shows formally that 4% > 0.
"If marginal utility were discontinuous at 7 it would be possible to reallocate extraction
between 7~ and 77 in such a way as to increase per capita utility.



Figure 1: Extraction when the population increases

introduction of leisure implies that per capita utility cannot be continuous
at 7.

Define the indicator function I(t) = { Ofort <r

lfort>r
I(t)A, where N and A are positive constants. The population jumps by
the amount A at time 7 and is otherwise constant®. Denote the optimal
extraction a moment before and a moment after 7 as y~ and y™.

In the appendix we establish the following

}and let N, = N +

Proposition 2 At time 7 there is a discontinuous increase in per capita
consumption and/or in per capita leisure; neither variable falls. There is also
a discontinuous increase in per capita utility. That is, ™ > ¢, and It > 1~
with at least one inequality holding strictly; and U(c,1%) > U(c,17).

8The increase in population, A, can be large. However, we assume that it is not so
large that it causes a regime change. Specifically, the constraint y > 0 is not binding over
[0, 7); extraction remains positive over this interval. See Favard [11] for details.



Here we sketch a geometric proof for Proposition 2, using Figure 1°.
This figure shows the extraction levels that would maintain continuity in per
capita consumption (the graph ¢ = ¢~) and the extraction levels that would
maintain continuity in per capita leisure (the graph [T = [7). The shaded
area shows the extraction levels for which ¢t > ¢~ and [T > [~. Above the
line It = [~ consumption increases and leisure falls at 7. Below the line
¢t = ¢~ leisure increases and consumption falls.

In order to maintain continuity of the marginal utility of extraction, ex-
traction must increase at 7. To show this, define v(y, N) = U(c,l), so the
first order condition is v,(y, N) = A. Since v,y > 0 and vy, < 0, y must
increase when N increases, i.e., y™ > y~. Therefore, we can restrict attention
to the region above the 45° line in Figure 1.

Consider a value of yT that satisfies ¢ < ¢™; at this value [t =[] =1 —
“[ﬁ(N;—\;fIx]fm > I~ Here, the marginal utility of extraction is U,(c¢",1) —
pUy(ct,1) > Ud(c™,17) — pU(¢=,17) = A. The inequality uses the facts that
w > 0 and w < 0. Hence, to maintain continuity of marginal
utility we must increase y™* (since v,, < 0). Consequently, it must be the
case that ¢t > ¢~. A parallel argument establishes that It > (™.

The surprising result is that when the population increases, both per
capita consumption and leisure increase'’. The social planner smooths the
marginal utility of consumption by decreasing extraction (relative to the
reference case) prior to time 7. This decrease requires an increase in the
asset price, A. Since this asset price anticipates the increase in population
at time 7, it must be continuous at 7. However, the population increases
discontinuously at 7. Thus, at 7 society has more workers than it had a
moment before, but faces the same price of the resource. Since extraction
requires less labor than production (1 < 1), natives shift some of their labor
from production into extraction. They consume more than before 7, while
working less'!.

Figure 2 shows two trajectories of per capita utility in the reference case

In this sketch (unlike in the formal proof) we assume that U is strictly concave in c
and [. Therefore the weak inequalities in the proposition are replaced by strict inequalities.
Allowing weak concavity merely complicates the exposition.

10More precisely, neither decreases and at least one increases. If U is strictly concave in
both ¢ and [, then both strictly increase.

1Tf 11 > 1 Proposition 1 is reversed: there is a discontinuous drop in per capita consump-
tion, leisure and utility at 7. We do not consider this case, because it seems empirically
less interesting.

10



per capita utility per capita utility

@ (b)

Figure 2: Trajectories of per capita utility

(the solid lines), where N is constant, and trajectories in cases where the
population jumps at time 7 (the dashed lines). Proposition 2 assures us that
per capita utility jumps up at time 7. Figure 2a illustrates the case where this
jump is large enough that per capita utility is higher than in the reference
case (during an interval after 7) — a possibility we have not yet confirmed.
Figure 2b shows the other possibility, where the trajectory of per capita
utility remains below the reference trajectory. If the case illustrated in Figure
2a occurs, it means that the population increase has different qualitative
effects on different generations. The generation alive just after the increase
in population has a higher flow of utility (relative to the reference case). The
anticipation of the population increase causes earlier generations to decrease
their extraction of the resource, leading to a larger stock at time 7.

4 A population increase at the initial time

Proposition 2 led to the conjecture that the generation alive at the time of an
exogenous population increase may benefit from the change. Here we confirm
that possibility by considering an increase in population at the initial time:
7 = 0. When 7 > 0, generations prior to 7 bear some of the costs of the
population increase, and bequeath a larger resource stock to generation 7

11



(relative to the reference case). This larger stock makes it more likely that
per capita utility at 7 is higher than in the reference case. When 7 = 0 it is
obviously not possible to shift the cost to previous generations. The special
case T = () therefore provides a challenging test for our conjecture, because
it eliminates one mechanism that tends to make utility higher at the time of
the population increase.

Regardless of when the population increases (7 = 0 or 7 > 0) the shadow
value of the resource, A, must increase. This increase tends to reduce ex-
traction, and therefore to reduce the current flow of welfare. When 7 > 0,
the higher value of A induced by the population increase is not offset by any
other change over [0, 7), so the flow of welfare over that interval unambigu-
ously decreases (relative to the reference case). We saw from Proposition 2
that at time 7 the higher population provides an offsetting effect: the larger
stock of labor causes natives to shift from production to extraction, allowing
them to increase both consumption and leisure.

When the population increases at 7 = 0, the two counteracting forces
occur at the same time. The population increase causes A to rise, which
promotes a reduction in extraction and a loss in the flow of utility. However,
the increased stock of labor causes each worker to spend relatively more time
on extraction. Since extraction (compared to production) requires less labor
per unit of consumption, this shift increases leisure, promoting an increase
in utility. Either of these two effects might dominate, so the flow of welfare
at time 0 might increase or decrease.

Define y*(t) = y(t, A\, N) as the optimal extraction policy [the solution to
equations (1) and (2)]. We have

Proposition 3 A necessary and sufficient condition for a population in-
crease at time O to increase the flow of utility at time t > 0 s

dy*(t) _ T alt)  y'(t)
IN "N A TN (3)
Proof.
AU (0.1 - )
dN
1, B . 1
® 3 (T +y*(t) U — (nT + py*(t)) Ui} AN + N {U. — pU} dy >0

12



& —% {Ta(t)e™ + y*(t)re" } AN + Ae"'dy > 0.

Rearranging the last inequality implies equation (3). m

The left side of equation (3) is a total derivative; it includes the direct
effect (on equilibrium extraction) of a change in N as well as the indirect
effect, via the change in \. The appendix provides the formula for %. Since
this formula involves the entire trajectory of the optimal path, it cannot be
easily interpreted. However, for a particular example, it is easy to determine
whether equation (3) is satisfied.

In order to illustrate that migration at ¢ = 0 might increase the initial
flow of welfare, we use the separable utility function U(c, 1) = Be+2v/1, where
[ > 0 is a constant'?. Rather than choosing an initial stock Y'(0), we choose
A =1 and adjust the initial stock in obtain a fixed shadow value, A = 1. We
can then easily evaluate equation (3) and also check that Assumption 1 is
satisfied.

For the parameters r =z = p = 0.5 and n = N = 1, it is straightforward
to show that o > 0 and 7" > 0 if and only if 3 is in the feasible range
1.71 < B < 2¥. As we increase 3, we increase the initial stock to maintain
the equality A = 1. For [ in the feasible range, equation (3) is satisfied
(i.e. migration increases the initial flow of per capita utility) if and only if
1.8 < g < 2. Migration always lowers per capita consumption and increases
leisure in our example. For high values of § (and correspondingly high stocks,
to insure A = 1) migration increases leisure by enough to increase the initial
flow of utility. For 1.71 < B < 1.8, migration at time 0 lowers the initial
flow of per capita utility.

5 Conclusion

We have studied a cake-eating problem that includes leisure and a backstop
technology, which in equilibrium is used to capacity. At some time 7 > 0
there is an anticipated increase in the population. We used this model to
analyze the effects of migration into a rich labor-surplus economy (or the

12For this example, U, = 3, contrary to our earlier assumption that the marginal utility
of consumption is infinite near 0. Here we need restrictions on the value of § to insure
that consumption and extraction remain positive.

13The choice r = 0.5 is consistent with a 5% discount rate if we choose one unit of time
to equal approximately 10 years.

13



effects of the integration of labor markets). We assumed that the new workers
receive an equal share of social capital.

Migration lowers the present discounted stream of per capita utility —
and the steady state per capita utility — but has unexpected intertemporal
effects. When migration occurs in the future, there is a positive jump in per
capita utility at the time the workers enter. The generation that precedes
the migration subsidizes the generation that follows it. When migration
occurs at the initial time, it may increase the initial per capita flow of utility.
Migration increases the resource price and reduces per capita consumption.
However, the natives spend relatively more time working in the “extraction
activity”, and less time in the “production activity”. If the resulting increase
in leisure more than offsets the lower consumption, their utility rises. Using
a numerical example, we showed that this case can certainly occur.

A popular view holds that even if migration has long run benefits, it
imposes short run costs on the current generation of natives, which makes
transfers to the migrants.* Owing to the particular assumptions of our
model, migration never has long run benefits, either in the steady state or
with respect to the present value of the stream of per capita utility. However,
contrary to the popular view, migration might benefit the generation alive
at the time it occurs.

As we emphasized in the Introduction, this model has a built-in bias
against migration, since it views migrants as bringing only their appetites
and labor power to a labor surplus economy; it ignores their other contri-
butions to society. It is worth repeating that the anti-migrant implication
(Proposition 1) is an obvious artifact of our restrictive assumptions, and
is therefore not particularly useful. On the other hand, we think that the
greater understanding of the intertemporal effects of migration (summarized
in Propositions 2 and 3) is useful.

14The empirical literature (e.g. Smith and Edmonston [17]) stresses the possibility that
the short run cost of educating migrants’ children may be offset by long run benefits as
these children become productive. Our theoretical model does not address — and therefore
does not contradict — this possibility. Instead, we focus on a less obvious mechanism
through which migration has different short and long run effects.

14



6 Appendix

The appendix consists of three parts: proofs of Propositions 1 and 2 and
Corollary 1, details for the example in Section 4, and a discussion of the
more general model with endogenous capital.

6.1 The proofs

Proof. (Proposition 1) We write the solution to equations (1) and (2) as
the function y(¢, A\, N). Taking partial derivatives of equation (2) implies

@ B Aret

=N 4

at Ucc + MQUll — 2MUcl < O ( )
dy 10y

N ot (5)

Oy _ 1@+ y)Ue+ p(yz + py)Un — (1 + 0)T + 2py) U
ON N Ue + ,MQUH —2uUqy

>0. (6)

We take the differential of equation (1), using the optimality condition y(7, A, N) =
0, to obtain

TAN) g T(A\N)
dA ———2dt+dN ——— 2dt=0
/0 N LR A ON !

which implies

TN 0Y(t, A, N)

a_ ov ", (7)
dN - T(M\N) 8y(t, )\, N) -
fO a)\ dt

We write the dynamic programming equation for the social planner’s
problem and divide by N to obtain

rJ(Y(t),N) T+ y(t) nT+pyt)\  0J(Y(t),N)y(t)
A (50,1 21300) 0500}

N N N oY) N
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The function w is the present discounted value of the per capita utility
of a single agent, when the size of the population is N. Differentiating both
sides by N, using the envelope theorem, implies

IV (), N)
N Tyt Nz +pyt) . dhyt) | y(t)
— ON =~z Vet Ut gy Ny TN

where we define A = Jy(Y;N), and & = Jyy. Using equation (2), we
rewrite this equality as

SrIY(0), N)
N _ Tyt nT +py(t) . dXdy(t) 3 y(t)
oN 3 Vet Uy y T nt)E
T dX y(t)
=~z Ue=nlh) = 957y
T Ayl

< 0.

—OFE "N N
The last inequality follows from equation (7) and Assumption 1. m

We now prove Corollary 1

Proof. (Corollary 1) Suppose that the social planner anticipates that
at time 7, A > 0 migrants will arrive. The present discounted value of per
capita utility in the absence of migration (N is constant) satisfies

7‘](3;‘3;]\]) = max {fOT e U (cs,1ls) ds + e*”;@};m >

max {fOT e sl (Csu ls) ds + e*T‘T%}

(8)

The equality in (8) is obtained by dividing the social planner’s maximization
problem by the constant N (which does not change the optimal trajectory);
the inequality follows from Proposition 1.

Now consider the case where the planner anticipates that migration will
occur at 7. Dividing this planner’s objective by the constant N, we obtain
an equivalent objective (i.e., one that leads to the same optimal extraction
trajectory):

(9)

N

max {/ e—rsU (037ls) dS + e—T‘Tw} .
0
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Denote the solution to the problem in (9) as ¢*, [**, Y**. Denote the present
discounted stream of per capita utility of natives in the regime where the
anticipated migration occurs as V(Y; N, A). We have

V(Y;N,A) = fOT e U (e, %) ds + e*TTiJ(Y:]\;rZJFA)

. | 10
< max {fo e U (cs,ls) ds + e*”%} (10)

The inequality in (10) follows from the fact that the triple ¢&*, I¥*, Y** is the
solution to (9). This triple does not maximize expression in brackets in (10),
since the denominator of the second term of the maximand is N 4+ A rather
than N [as in equation (9)].

Equations (8) and (10) imply

J(Yo; N) . e L (Y75 N+ A)
rs ok l** d rT T — Y‘NA
N >/Oe U I")ds+e NiA V(Y;N,A),

i.e., the present discounted value of per capita utility in the absence of mi-
gration is higher than the present discounted value of the per capita utility
of natives when the population increases by A at time 7. m

To prove Proposition 2 we use the following lemma.

Lemma 1

é(n—jw) 2@/*—@/2%(5“@/)-

Proof. We again use the function y(t, A\, V), the solution to equation

(2), where N, = N + I(t)A. We simplify notation by writing N; as N. We
Oy

rewrite the partial derivative 5% given in equation (6) as

uUy — Ug

Oy _([Ety n-p=
Ucc+M2Ull - 2,UUcl7

AN N . N/w(y), with v(y)

0<py<1,
(11)

which implies

TYYy 0y Ty (12)



At time t = 7, t and )\ are fixed, but N changes, so we can write

N+A 9y (t, A, N)
—+ — y( ) )
yt—y _—/ SN,
v ON

Using equation (12) we have

N+A = N+A —
T+ y(N _ nT + py(N
/ %d]\f <yt—y < / #d]\f (13)
N N H
where we abbreviate y(t, A, N) as y(NV).
Define

N4+A  —
< - 17 + pz(N)
Z(N+A)=y —I—/ —F—F—=dN.
) N pN
Thus, z(NN) is the solution to the differential equation
dz nT + pz
= = ™ 14
with the boundary condition z(N) =y~. We can solve the differential equa-
tion (14) to obtain z(N + A) = 8y~ + ?V——'if.
In view of the second inequality in equation (13), we have y= < z(N+A)
for A > 0. This inequality and the solution to equation (14) imply

. < A fnz
v oy <A A) ) = 5 (S )

which establishes the first inequality in the statement of Lemma 1. The proof
of the second inequality is parallel, so we omit the details. m

We now prove Proposition 2.

Proof. (Proposition 2) Per capita consumption and leisure depend on
aggregate extraction, y(t), and the population, N(t). Using the definition of
consumption, we have

y++:z>y*+a—c
N+A~ N

Using the definition of leisure, we have

A (03 tenT _ py 403
T(E+y‘>2y+—y‘<:>ﬂy +nx>”y§nm<:>l+2l—.
L

<~ ct>c.

A
y*—yfzﬁ(:ijty*){:)

N N+A —
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In view of Lemma 1, we conclude that ¢t > ¢~ and that [T > [~. Since
these two inequalities cannot both hold as equalities, either consumption or
leisure must be strictly higher at 7. Since utility is increasing in both its
arguments, we obtain the third inequality in the Proposition. m

6.2 The Example

e Derivation of 2&. We substitute equations (5) and (11) into (7) to

obtain
Yo +7T(\, N AN )
o DEITON) T TON L () dy
== N : N (15)
— AN
)\Ty(O’ b )

The total effect of a marginal change in population on the instantaneous
extraction rule is

dy _ 9yt A N) dx | 9y(t, A, N)
dN oA dN ON
We can use equations (5), (11) and (7) to simplify equation (16).

. (16)

e Simplifying the necessary and sufficient conditions for a welfare in-
crease. Using equations (5), (11), (7) and (16), we can rewrite (3)
as

PW®+fT+Ur#DfA wwu»ﬁ]zQuy
a7

[2,UUcl - Ucc - MQUZZ] y* (O)

e The equation for 7. In order to evaluate condition (17) we need the
equation for T'(A, N). Optimality requires that y(7, A\, N) = 0. This
condition and equation (2) imply

In (U.(z/N,1 —nz/N) — pU(Z/N,1 —nz/N)) —In A

r

T(A\N) =
(18)
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3 | Y(0) T a | P | O
1.72 | 0.00046 | 0.0256 | 0.28 | 0.86 | 0.98
1.8 | 0.021 | 0.178 | 0.2 | 0.9 | 0.89
1.9 | 0.078 |0.0352] 0.1 | 0.95 ] 0.77
199 0.15 0.5 |0.01]0.99 | 0.68

Table 1: Endogenous values for example

e Calculations. For the utility function U(c,1) = fc + 2v/1, we have
Ue=Uyz=0,U,=179, U, = —%, and vy(y*(t)) = % We normalize
by setting N = 1 and we choose A = 1, so that the initial stock Y (0) is
determined by the parameters. Weset n =1,z = r = p = 0.5. In order
for equation (18) to have a positive solution, and for Assumption 1 to
be satisfied, we require that 5 € (1.71,2). The following table presents
the endogenous values of several variables (at t = 0) for different values

of 3.

A larger value of 3 requires a higher initial stock, in order to maintain
A = 1. The time to exhaustion, 7', is correspondingly higher, and the rental
rate on capital, a, is lower.

6.3 Endogenous capital

Here we briefly consider the case where capital is endogenous. We do not
attempt to show formally that Propositions 1 - 3 hold in this more general
setting, but we explain why the intuition behind those propositions remains
valid.

Suppose that society can increase the stock of capital, Z. As in the text,
we suppose that production of one unit of the consumption good requires
one unit of capital and 7 units of labor: the flow of production is z () when
society uses x(t) units of capital and nz(¢) units of labor. As before, we have
the constraint which is implied by the finite stock of capital and the Leontief
production function:

z(t) < Z(t). (19)

The increase in the stock of capital equals investment, which is proportional
to production plus extraction minus consumption (capital does not depreci-
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ate)

dz
- = p((t) +y(t) — Ne(t)) (20)
where 1 equals the number of units of the consumption good needed to obtain
an additional unit of capital, z. We obtain our model in the text by setting
p = 0. If the equilibrium comparative statics are continuous in p (as we
expect in a model of this sort), then all of our results would carry over to
the case where p is small.

We suppose that investment must be non-negative, i.e. it is not possible
to eat capital:

(1) + y(t) — Ne(t) > 0. (21)

Capital is useful as a factor of production, not as a means of storing value.

The social planner’s control problem now contains two state variables,
Y (t) and Zz(t), with the associated costate variables A(t) and «(t). The
Hamiltonian of the planner’s problem is

yt+nx

H=NU(c,1—” N )—Ay+a(m+y—Nc)+91(:f—x)+92(x+y—Nc)

(22)

where 61 and 0, are the constraint multipliers associated with the constraints
(19) and (21). The first order conditions include (2) and

’I]Ul + 91 - 92 = . (23)

The inability to eat capital reduces the shadow value of capital, since 65(t) >
0.

The introduction of endogenous capital leads to several new possibilities.
For example, a(t) > 0 now requires only that the constraint (19) is binding
at some time in the future, not necessarily at the current time. We therefore
replace Assumption 1 with

Assumption 1*. Capital is always fully employed, i.e. 8;(t) > 0 for all ¢.

The endogeneity of capital provides an additional method of smoothing
consumption. The per capita cost of a higher population is therefore smaller
(relative to the case of fixed capital) but is still positive. When migration
occurs at 7 > 0, the shadow value of the resource rises and consumption over
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[0,7) falls as before. However, since it is possible to convert extraction to
capital, leisure does not necessarily rise (or does not rise by as much as in the
case with fixed capital). Utility over [0, 7) still falls (relative to the reference
case).

In the simplest case, inequality (21) is binding after the jump at 7. In
this case, the intuition for Proposition 2 still holds. When (19) and (21) are
binding, there is a single free variable. Continuity of A and equation (2) still
imply that per capita utility jumps up at 7. This example illustrates the
importance of the assumption that capital provides a means of production,
not a store of value. If it were possible to eat capital (i.e. if we removed
constraint (21)) then at time 7 there would be two free variables. In that
case, continuity of the marginal utility of extraction would require continuity
of the marginal utilities of both consumption and leisure.

When the population increases at time 0 agents reallocate labor time
from production to extraction, so their leisure tends to increase. However,
the possibility of investing increases the incentive to defer consumption. The
investment opportunity also makes leisure less attractive. Thus, we conjec-
ture that if it is easy to convert the consumption good to capital (i.e. if p is
large) the increase in population at time 0 is less likely to increase the flow
of utility at time 0.
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